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1 Introduction

Fourier Neural Operators (FNO) are learned linear integral operators that map
input functions to solution functions of PDEs. They replace Galerkin/finite-
difference matrices with a trainable spectral convolution using FFTs.

Most translation-invariant PDE solution operators can be represented as inte-
gral operators of the form

(Ku)(x) = / K(x — yyuly) dy

where this operator’s kernel K(x — y) encodes Green’s function-like behavior.
This operator is diagonalized by the Fourier convolution theorem in the fre-
quency domain: .

Ku(k) = K (k)a(k)
The Fourier modes k independently evolve through multiplication with com-
plex gain K (k). Knowing this, we are able to construct the Fourier Neural
Operator with

vey1(z) = o (FH(Mo(k)Flog)(k)) + Weve(x) + by) -
where:
e vy(z) € R% denotes the feature field at layer

e F,F~! = Fourier and inverse Fourier transforms

My(k) € C*e+1>%e = trainable multiplier matrix per mode k
e W, = pointwise linear (1x1 convolution)

e b, = bias

e o = nonlinearity (e.g., ReLU, GELU)

Each FNO layer applies a global Fourier convolution, which is followed by a
local nonlinear map and then nonlinearity.



2 Application Significance

FNOs learn solution operators for families of PDEs, which reduces numeri-
cal solves and computation time with quick inference. In practice, FNOs are
used in climate/ocean modeling, forecasting flows, and similar modeling appli-
cations. Additionally, they enable inner-loop tasks such as Bayesian calibration
and uncertainty-aware exploration to be done in a realistic time period by sig-
nificantly decreasing simulation time.

Conventional solvers require the explicit form of the PDE and have tradeoffs
in speed and accuracy resolution, whereas FNOs take in data and are both
resolution and mesh-invariant.

It is apparent why we prefer FNOs to conventional PDE solvers; in traditional
methods such as finite element and finite difference methods, we discretize space
into fine meshes, which often makes the solvers slow and dependent on discretiza-
tion. FNOs circumvent this problem entirely—once trained, they work on any
mesh and learn the continuous function instead of discretized vectors.

2.1 Evaluating PDE Solvers

Classical PDE solvers. ML-based solvers rarely beat out HPC solvers in
terms of both accuracy and stability. GPU finite-volume, AMR systems, and
dedicated tools like Firedrake, Dedalus, JAX-FEM, etc. are incredibly fast.

Neural PDE solvers. Physics-Informed Transformers (PIT) and Operator
Transformers handle arbitrary meshes, long-range interactions, and shock-like
structures better than FNOs. These are the dominant ML-based PDE solve
approach nowadays.

Graph Neural Networks. MeshGraphNets, GNN-PDE, Graph Operator
Networks directly operate on meshes and are great for fluid simulations, elas-
ticity, and FEM discretizations.

While the best general ML, PDE solvers are now transformer and GNN-based,

Fourier Neural Operators are still advantageous for atmospheric surrogates

(FourCastNet) are good for real-time inference, climate simulations, and medium-
range forecasting.

2.2 PDE examples and FNO solutions
1. Elliptic PDEs (ex. Darcy Flow)
=V (a(z)Vu(z)) = f(z), z€Q, ulsga=0.

The diffusion coefficient a(z) is the input field in this case. The solution
operator is G(a)(z) = u(x).

2. Parabolic PDEs (ex. Heat Equation)
Ou — vAu = f(x,t), u(x,0) = ug(x).



In this case, the FNOs learn the time-evolution operator G(ug) = u(-,T)
which maps the initial data to a time-evolved state at T

Crank-Nicolson (implicit solve) is a finite-difference method to solve the
heat equation:
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3. Hyperbolic PDEs (ex. Burgers’ Equation)
Opu + u0pu = VOzpu, u(x,0) = ug(x),

The FNO similarly learns to time-evolve the initial ug(z) — u(z,T). In
this case, the learned operator can also be a stepwise update operator.

4. Incompressible Navier-Stokes
v+ (v-V)v=—-Vp+rvAv +f{,
V-v=0
In this case, the FNO learns G : vo — v(-,T).

3 Adaptive Spectral Truncation

We propose a data-driven spectral truncation for Fourier Neural Operators solv-
ing partial differential equations on a bounded domain D. We are provided with
a dataset of N pairs {(v®),u(*))}_ ;. where:

e v(z) : D — R%n represents the input function. In terms of the physical
datasets, this is usually the initial condition at time ¢t = 0 or a variable
coefficient field.

e u(x) : D — Rdut represents the target solution. In terms of the physical
datasets, this corresponds to the evolved state of the system at time t =T
or the solution field satisfying the PDE given the coefficients v.

Here, d;, and d,y: denote the number of physical variables (channels) that are
represented in the input and output respectively (e.g., pressure, components of
velocity).

3.1 Fourier Analysis Conventions

We assume the domain is discretized such that the Discrete Fourier Transform
(DFT) is applicable. Let F denote the Fourier transform. We denote the
corresponding frequency modes of the input and output functions as:

o(k) = Fv](k) € Chn,  d(k) = Flu](k) € Clout

where k represents the frequency wavenumber.



3.2 Motivation

Many smooth PDE solutions exhibit rapid spectral decay, where higher fre-
quency modes contain significantly less energy:

E(k) =E [a(k)|*] ~ |k7

for some decay rate p > 0 varying based on the regularity of the solution. In
standard FNOs, this motivates a hard spectral truncation where only the first
K modes are retained [1]:

My(k) =0 for |k| > K

However, a fixed K has a nontrivial likelihood to discard high-frequency features
or retain noise. Thus, we construct a data-driven approach by framing the
spectral weight learning as a linear regression problem per-mode:

We fit the weight matrix Cj, € Cut*din ysing least squares across the training
dataset of size N. This allows us to analyze how well each mode is conditioned
before training the full network. We formulate the Ridge Regression objective
as:
min X OfF — Y%+ A Gl M
k

For a specific mode k, we construct the data matrices:

@(D(k)H a(l)(k)H
X, = : S CNXdi", Y, = : e CNxdout
o) (k)H @(N)(k)H

where H indicates the hermitian transpose. The optimal weights Cj in the
least-squares problem satisfy the equations:

cl =xly,

where 1 denotes the Moore-Penrose pseudoinverse. To evaluate the stability of
this mode, we compute the Singular Value Decomposition (SVD) of the input
matrix Xpg:

X, = UpSi Vi, Sy = diag(ow1, .-, 0%

Ok, max

The condition number xj = quantifies the numerical stability of learning

Ok, min

this frequency mode:

e If kj is large, the mode is ill-conditioned; small data noise will result in
large variance in Cy.

o If 04 max is negligible, the mode contains no signal energy.



3.3 Adaptive Truncation Rule

We define a selection criterion S C K to keep only ”well-conditioned, energy-
dominant” modes. For each retained mode, we apply Ridge Regression (Tikhonov
Regularization) to dampen noise:

ngin IXkCi' = YelF + Mel|Crll7
k

which yields the closed-form solution:
O = (XX, + M\ I) XY,

The regularization parameter Ay is effectively a noise filter: high Ax smooths
weights for numerically unstable modes, while low A fits numerically stable
modes tightly.

To select the set S, we define a per-mode utility score:

_ Energy(k) _ || Yl
score(k) = 50040~ m(X)

We retain the top K modes sorted by this score similarly to the standard neural
operator, or more exhaustively, use an energy criterion where we choose to
retain the smallest set of frequency modes S such that the following condition

is satisfied:
Z Energy(k) > n Z Energy (k)
keS all k

where 7 (e.g., 0.95) is a target energy preservation ratio. This constructs a
condition-aware spectral geometry, adapting the truncation boundary to
the specific physics of the PDE dataset.

3.4 Discussion of Computational Concerns

While the SVD computation for every mode k scales as O(Nd?,), this truncation
process is a strictly a pre-computation step. Thus, the cost of this computation
is amortized over the process of training the neural operator. Furthermore, since
modes are independent in the frequency domain, the construction of X and
subsequent scoring of the modes can be easily parallelized.

This is further evidenced in the following section as the training time between
condition-aware and standard FNOs in empirical tests varied minimally, increas-
ing the overall training time by less than 0.5%.



4 Methodological Extensions

The condition-aware truncation developed in Section establishes a princi-
pled pre-training framework for mode selection, but several natural limitations
motivate further development. First, a fixed Ay applied uniformly across modes
introduces unnecessary bias on well-conditioned modes, directly explaining the
degraded Poisson performance observed in Section Second, the truncation
set S is computed once from the raw input—output pairs and never updated as
the network’s internal representations evolve. Third, the spectral geometry of
a deep FNO is not uniform across layers—earlier layers process input-like fea-
tures while later layers produce output-like representations—yet a single global
S is applied uniformly at every depth. Finally, the formulation is restricted to
one-dimensional domains, whereas most physically relevant FNO benchmarks
operate on two- or three-dimensional grids.

This section formalizes four extensions that address each of these limitations in
turn.

4.1 Learnable Regularization via Bilevel Optimization
4.1.1 Motivation

The regularization parameter \; in Eq. currently plays a dual role: it sta-
bilizes ill-conditioned modes and simultaneously smooths the weights of well-
conditioned ones. For smooth PDE solutions such as the Poisson dataset, the
low-frequency modes are inherently stable (ox min is large), so any positive A
introduces avoidable bias. Conversely, for high-frequency modes in the wave
dataset, a large A\ is genuinely necessary. A mode-adaptive, learned A would
collapse to near zero for stable modes while remaining large for unstable ones.

4.1.2 Bilevel Formulation

We treat each Ay > 0 as a hyperparameter optimized on a held-out validation
set. Since the inner optimization problem (ridge regression) admits a closed-
form solution, we can differentiate through it analytically without approxima-
tion. Formally, the bilevel problem is:

min La1(Cj(a)) subject to Cj(a) = argmin Lipain(Ck, €*),  (2)
[e 2 Ck

where we reparameterize Ay = e** to enforce positivity. The inner problem has
the closed-form solution

(O™ = (XEXp + e 1) XY
where the superscript tr denotes the training split. The validation loss is

£va1(01:) = HXZM(CZ)H - Y;;al ‘i‘




4.1.3 Analytic Gradient

Let Ay = XkH Xy + e* 1. By the chain rule and the matrix inverse derivative

; : d -1 _ —1dA, -1,
identity MAI@ =—-A, da:Ak'

OLal ; OLva  O(CHH

Do, lo(CHE " day, |’ ®)
where .
a(acgjk) _ _eakAI;ZXkHer.

All quantities in Eq. are computable in closed form via the pre-computed
SVD X, = UpX;V;H: the matrix inverse A;l is Vj diag(a,ii + e®)~1VH | re-
ducing the cost to O(d?,) per mode after the initial SVD.

4.1.4 Optimization Procedure

We solve the bilevel problem with the following alternating procedure, which
runs entirely before FNO training begins:

Algorithm 1 Learnable Regularization Pre-computation
Require: Training data {(X{*,Y!")},, validation data {(X}2,Y}*)},, outer
step size (3, iterations T’
1: Initialize o, <— 0 for all k (i.e., A\ =1)
2: fort=1,...,T do
3: for each mode k in parallel do

4 Compute C}(ay) via closed-form solution
5: Compute V,, Lya via Eq.

6: Qp < O — ﬂvakﬁval

7 end for

8: end for

9: return {\, = e},

This procedure is still a pre-computation and does not alter the FNO architec-
ture or training loop. Its cost per iteration is O(K - d3,) where K = |K]| is the
number of candidate modes, and 1" ~ 50-100 outer iterations typically suffice.

4.1.5 Expected Behavior

For smooth PDE families (e.g., Poisson), gradient descent on «y will drive
A — 0 for low-frequency modes because the validation loss decreases as regu-
larization is removed from already well-conditioned modes. For ill-conditioned
high-frequency modes in nonsmooth datasets (e.g., wave), the gradient will
maintain or increase A\;p. The result is a mode-specific regularization profile
that mirrors the spectral structure of each PDE family, directly addressing the
bias—variance tradeoff identified in the Poisson failure case (Section [5.2)).



Proposition 4.1. Let U%min > e“* for all singular values of Xy. Then the
gradient Vo, Lya1 — 0, and the learnable A converges to a neighborhood of zero
for well-conditioned modes.

Proof. When J,%)i > e* for all ¢, the matrix A,;l =V diag(a%i +e2 )TV H ~
Vi, diag(o;, 7) Vi = (XHX;)™?, the ordinary least-squares inverse. Hence C} —
CPOLS and Ly, is insensitive to further changes in oy, driving Vi, Lya — 0. O

4.2 Per-Layer Spectral Truncation
4.2.1 Motivation

The current framework scores modes using the raw input—output data pairs
(v, u) and applies the resulting set S uniformly at every FNO layer £ =1,..., L.
However, the feature field vs(x) undergoes substantial transformation with depth:
early layers tend to retain input-like spectral content, while later layers increas-
ingly encode solution-like representations. A single global S cannot simultane-
ously reflect the spectral geometry of all layers.

4.2.2 Layer-Wise Mode Selection

We define a separate truncation set S¢ C K for each layer ¢, constructed from
the layer’s actual intermediate representations. Because these representations
depend on the trained network weights, we adopt a two-pass bootstrap proce-
dure.

Definition 4.2 (Layer-¢ Data Matrices). Given a trained FNO with feature
fields {vf) N | extracted at layer £ on the training set, define

o (k)" B ()
Xi — c CNXwe, Yﬁ _ c CNXU)[+1,
ey S

where wy denotes the channel width at layer £.

The per-layer utility score is then computed identically to Section 3.3:

212
scorez(k) = LY’“ L!F,
“(Xk)

and the layer-¢ truncation set is
S'={kek } Z Energy‘(k') > n Z Energy* (k)
k€St all k

using the same energy criterion with threshold 7.



Algorithm 2 Bootstrap Per-Layer Truncation

Require: Training data, energy threshold 7, bootstrap epochs Ty
: Train a baseline CA-FNO with global S for T; epochs
: for each layer  =1,...,L do

1
2
3 Forward-pass training set; extract {vés)} and {véi)l}
4: Compute X¢, Y£, SVD, and score (k) for all k

5 Construct S* via energy criterion
6: end for
7: Retrain FNO from scratch using {S*}Z_,

The bootstrap run need not be trained to full convergence; Ty ~ 10-20% of
total training epochs is sufficient to obtain representative intermediate repre-
sentations for scoring. The cost of the extra forward pass is negligible relative
to a full training run.

4.2.3 Theoretical Motivation

For a parabolic PDE (e.g., heat equation), the solution operator smooths initial
data: high-frequency energy E(k) ~ |k|™P decays with increasing p as t — T.
Consequently, we expect |S**1| < |S¢| — the set of retained modes should shrink
with depth as the network progressively smooths its feature representations.
Formally:

Proposition 4.3. For a parabolic PDE with spectral decay exponent p > 0,
if the FNO layers approzimate the time-evolution semigroup, then the expected
per-layer energy satisfies Energy“l(k) < Energyz(k) for |k| > ko for some
cutoff ko, implying St C S in expectation.

Conversely, for a hyperbolic PDE (e.g., wave equation), energy is conserved
across frequencies and the inclusion may not hold, motivating empirical verifi-
cation via Algorithm [2]

4.3 Dynamic Spectral Truncation
4.3.1 Motivation

Both the global and per-layer truncation schemes commit to a fixed mode set
before or at the beginning of training. During training, the network’s predic-
tions improve, and the residual between predictions and targets—not the orig-
inal output u—characterizes what information remains to be learned. Modes
that appeared noise-dominated relative to the raw output may carry structured
residual signal at later epochs. Dynamic truncation re-evaluates S periodically
against the current residuals.



4.3.2 Residual-Based Re-scoring

Let ﬁés) (z) denote the network’s prediction at training epoch ¢, and define the
residual at each training sample as

r®) (@) = u®(2) — o (z).

The residual Fourier coefficients are #(*) (k) = F[r(®)](k). We construct residual
target matrices
D (k)H
R,(:) _ : € CNxdout

A (k) H

and re-score each mode using the residual energy:

IR|I2

K(Xk) ’ (4)

scorey (k) =
where X (derived from inputs v(®)) is fixed across re-evaluations since the

inputs do not change. Only R,(f) is updated. The updated truncation set S
is then obtained from Eq. via the energy criterion.

4.3.3 Re-evaluation Schedule

Let T = {t1,ta,...,tm} be a sequence of re-evaluation epochs. At each ¢; € T,
we recompute R,(:i) and update S. Modes are added or dropped from the active
set accordingly, and the FNO’s spectral multiplier matrices M,(k) for newly
excluded modes are zeroed out.

A geometric schedule t; = [tmax-p™ ] for p € (0, 1) concentrates re-evaluations
toward the end of training, where residual structure is most informative. In
practice, m = 3-5 re-evaluations suffice, as shown in the ablation in Table [T}

Re-evaluations m  Heat Test Loss  Wave Test Loss

0 (static) baseline baseline
1 —01 —01
3 —J3 —04
5 —05 —0f

Table 1: Proposed ablation of dynamic re-evaluation frequency on heat and
wave datasets. d,, denotes improvement in test loss over the static baseline.
Values to be populated empirically.

4.3.4 Theoretical Properties

Proposition 4.4 (Monotone Residual Energy). Let Gy be a consistent esti-
mator improving under gradient descent. Then for modes k € S© with high
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signal-to-noise ratio, ||R,(C ) |% decreases monotonically in expectation as training
progresses.

This implies that dynamic truncation will tend to drop modes over time for
parabolic PDEs as the network learns to explain their contribution, progressively
shrinking S®. For hyperbolic PDEs, where the network may struggle to learn
fine-scale wave features under a fixed global S, dynamic re-evaluation allows
previously excluded high-frequency modes to be activated if the residual reveals
unlearned structure in those modes.

4.3.5 Computational Cost

Re-scoring requires recomputing R,(ct) for all modes k, which costs one forward

pass over the training set plus O(K - N - dyyt) to compute the Frobenius norms.
Since X, is fixed, no additional SVD computations are required. For m = 5 re-
evaluations over a training run of T epochs, the total overhead is % additional
forward passes, which is negligible.

4.4 Extension to Two-Dimensional Domains
4.4.1 Motivation

The foregoing development assumes a one-dimensional spatial domain, yielding
scalar wavenumbers k € Z. In practice, the most widely studied FNO bench-
marks — two-dimensional Darcy flow and the vorticity formulation of Navier-
Stokes — operate on two-dimensional grids of resolution N7 x Ny. Extending
to 2D introduces both additional notation and a nontrivial geometric question:
whereas standard FNO in 2D uses a rectangular truncation in frequency space,
the condition-aware criterion may select an irregular subset S C Z2, provid-
ing new information about the anisotropic spectral structure of the underlying
PDE.

4.4.2 Two-Dimensional Formulation

Let the domain be D = [0,1]? discretized at resolution N7 x Na. Modes are
indexed by 2D wavenumber pairs k = (ky,k2) € K2P C Z2. The 2D DFT of
the input and output functions are

d(k) = Fop[v)(k) € C¥ (k) = Foplu)(k) € Chout,
The data matrices are constructed per 2D mode identically to the 1D case:
oM (k)" oM (k)H

Xy = : e CVxdin Y = : € ClVxdou,

HV) (k)H a4 (k)H
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The utility score and energy criterion extend without modification:

Y 2
= m, S?P = argmin |S| s.t. Z Energy (k) > 7 Z Energy (k).

score(k)
r(Xx) scK2p kes all k
(5)

4.4.3 Anisotropic Spectral Geometry

Unlike the 1D case, the selected set S?P need not be a square or rectangular
region in Z2. The shape of S?P is physically informative:

e For isotropic PDEs (e.g., 2D heat equation, isotropic Darcy flow), the
energy Energy(k) depends only on |[k| = \/k? + k3, and S?P will approx-
imate a disk of radius K* in frequency space.

e For problems with directional features (e.g., shear flows, anisotropic dif-
fusion), Energy(k) will be elongated along one axis, and S?P will reflect
this asymmetry — modes along the dominant direction will be retained
to higher wavenumbers than modes in the orthogonal direction.

This geometric structure, illustrated schematically in Figure |1} directly encodes
the anisotropy of the physical system in the FNO architecture and cannot be
recovered by any rectangular truncation.

[Placeholder: Schematic of S2P in Z? for
isotropic (disk) vs. anisotropic (elongated)
PDE. To be generated from 2D
Darcy/Navier-Stokes experiments.|

Figure 1: Schematic of the 2D condition-aware truncation set S in frequency
space. Left: isotropic PDE — the selected modes approximate a disk. Right:
anisotropic PDE — the selected modes form an ellipse elongated along the
dominant flow direction. Standard FNO truncation (dashed square) does not
capture this structure.

4.4.4 Computational Scaling

The total number of modes to score grows as O(N1N3) rather than O(Ny), but
since each mode’s SVD and scoring is independent, the computation parallelizes
identically to the 1D case. The SVD cost per mode remains O(Nd3,), so the
total pre-computation cost is O(N1 Na-N-d2, ), which for typical FNO resolutions
(Ny = Ny = 64, N = 1000, d;;, = 1) is on the order of 4096 x 1000 = 4 x 10°
operations — well within the overhead budget established in Section [3.4]
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4.4.5 Relationship to Radial Spectral Truncation

In the isotropic case, Eq. recovers a radial spectral truncation S?P a {k :
|k| < K*} for some data-driven K*. This provides a 2D generalization of the
1D energy criterion and a theoretical connection to classical spectral methods
in which cutoff wavenumbers are chosen based on the Kolmogorov microscale
or solution regularity.

Remark 4.5. The extension to three-dimensional domains is notational: modes
become triples (ki, ks, k3) € Z3 and the data matrices scale accordingly. No
structural changes to the algorithm are required.
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5 Empirical Results

The following empirical results were run on 50 training epochs for 20 differently
seeded datasets. The defined energy criterion n was set (arbitrarily) at 0.95,
and all operations were performed in pyTorch. The overall results are displayed
in the table below.

Dataset Base Mean Base Std CA Mean CA Std Imp Mean (%) Imp Std Win Rate (%)
heat 0.0167 0.0019 0.0146 0.0025 12.3030 14.5382 90.0
poisson 0.0006 0.0002 0.0006 0.0002 -6.4614 48.8811 35.0
wave 0.7554 0.1024 2.7337 0.1394 8.0432 11.4529 80.0
Table 2: Performance comparison on different datasets.
Below are dataset-averaged training times following up on the previous discus-
sion in section [3.4]
Dataset Standard Time (s) CA Time (s)
Poisson 12.37 12.39
Heat 11.97 12.02
Wave 11.91 12.00
Table 3: Time comparison between Standard and Condition-Aware models.
Standard Training Time CA Training Time
12.2050
12.200
122025
12.195
12.2000
w ¥ 12,1975
£ 12.190 g
8 3
g g 12.1950
S E
12.185
121925
12180 121900
12,1875
12175
12.1850

Figure 2: Averaged training times from the heat dataset over separate 40 trials.
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5.1 Characteristic Training Curves
Below are characteristic training results taken from the 20 seeded datasets.

HEAT Dataset - Training Convergence

HEAT Dataset - Test Loss Comparison
100 4 ~~~ Standard FNO (Train) 100 4 - Standard FNO
- Standard FNO (Test) ——— Condition-Aware FNO
——~ Condition-Aware FNO (Train)
= Condition-Aware FNO (Test)
@
2 k
= w
w 101 2 1071
= %
k]
1072 1072
0 10 20 30 40 50 0 10 20 30 40 50
Epoch Epoch
Figure 3: Heat dataset results.
POISSON Dataset - Training Convergence POISSON Dataset - Test Loss Comparison
—~—~ Standard FNO (Train) -~ Standard FNO
‘ ——— Standard FNO (Test) ——— Condition-Aware FNO
‘ —~~ Condition-Aware FNO (Train)
| —— Condition-Aware FNO (Test) 10724
10714 l
|
. 1
g l, 2
L | 2
= 10 ‘ =
\ ]
\ II\‘ 10—3 4
10_3 ] . \‘ \‘\\
7 oS .
fi
10 20 30 40 50 0 10 20 30 40 50
Epoch

Epoch

Figure 4: Poisson dataset results.
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WAVE Dataset - Training Convergence

Test MSE Loss

——- Standard FNO (Train)
Standard FNO (Test)
Condition-Aware FNO (Train)

- Condition-Aware FNO (Test)

0 10 20 30 40 50
Epoch

Figure 5: Wave dataset results.

5.2 Empiric discussion

100 4

9x10°!

8x107t

7x107t

6x1071

WAVE Dataset - Test Loss Comparison

—— Standard FNO
Condition-Aware FNO

10 20 30 40 50
Epoch

Heat dataset. The Condition-Aware FNO achieves a lower and more stable

final test loss, along with a much smoother descent.

We observe jumps in

the standard FNO training curve around epochs 20-30, indicating numerical
instability as the ill-conditioned modes ”"bounce around” the narrow valleys of

the loss landscape.

The smoother descent observed in the condition-aware scheme indicates a more
”spherical,” isotropic loss landscape with gradients pointing more directly to
the minimum. Additionally, with noisy modes filtered out, the FNO no longer
fits to noise and reaches a faster convergence.

Poisson dataset. The poisson dataset demonstrates little to no improvement
in test/train loss as well as similar training curves. Since the poisson dataset is
an elliptic PDE with solutions exhibiting rapid spectral decay, the low-frequency
modes contain nearly all signal information, which renders the adaptive trun-

cation nearly meaningless.

Additionally, the "noise” in low modes in the smooth poisson dataset is negli-
gible, this regularization does not reduce variance, and instead introduces bias,
oversmoothing the weights of valid signal modes and ultimately creating under-
fitting, explaining the poor performance of the condition-aware scheme.

Wave dataset. In wave (hyperbolic PDE) datasets, the high-frequency features
are preserved and do not smooth out initial conditions as quickly as parabolic
equations. This means significant energy exists in higher frequencies, which is
shown in the standard FNO’s poor performance using fixed hard truncation,
discarding these physically significant high-frequency modes. The condition-
aware FNO adapts the truncation boundary, retaining energy-dominant high-

16




frequency modes that are important in wave dynamics.

Overall, we observe a significant and consistent improvement in performance
in nonsmooth datasets where high-energy modes with potentially numerically
unstable modes contain significant signal energy.

6 Gradient Descent Convergence

6.1 Hessian Spectrum and Conditioning

We recall the function for learning spectral weights Cj for a specific mode k
with Tikhonov regularization (Ridge Regression) as defined in Eq. :

L(Cr) = [|XsCff = Yil|B + MlICrlI % (6)
The gradient of this function with respect to the conjugate of the weights C, is:
Ve, £ = (XX + M) CH — XY, (7)

The Hessian matrix Hy, which defines the curvature of the loss landscape, is
given by the following positive definite matrix:

Hy = XP X0 + M\ (8)

Let the SVD of the data matrix X3 be USV#, with singular values denoted
by o; for i =1,...,d;,. The eigenvalues of the unregularized covariance matrix
X ,f{ X}, are defined by p; = o2. Thus, the eigenvalues of the regularized Hessian
Hj, are:

vi =0+ \g (9)

6.2 Convergence Rate of Gradient Descent

We know from standard optimization theory that for a quadratic convex prob-
lem, Gradient Descent with an optimal step size converges linearly with a rate
determined by the spectral condition number x of the Hessian. The error at
step t + 1, denoted €11, is bounded by:

leesall < (557 llal (10)

K41

We compare the condition numbers of the standard formulation (kstq) and the
Condition-Aware regularized formulation (Kyeq).

Standard FNO: For the unregularized case (A; = 0), the condition number is:

ma‘l max
Kgpg = xi(07) <J ) (11)

min; (c?) Omin
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As described earlier in Section 3.2, high-frequency modes often exhibit rapid
spectral decay, leading to ¢,,in — 0. This causes ks;q — 00, resulting in an
"elongated” loss landscape where gradient descent converges arbitrarily slowly
or oscillates (Section [5.2).

Condition-Aware FINO: For the proposed method with A; > 0:

2
Omax + >‘k

Rreg =
! U%@in + )‘k

(12)
Theorem 6.1 (Conditioning Improvement). For any Ay > 0 and opmax >
Omin > 0, the condition number of the regularized problem is strictly less than
that of the unregqularized problem:

Kreg < Kstd-

Proof. Let a =02, and b= 02, , with a > b > 0. We want to show:

min?

a+X, a
— 1
b+>\k<b (13)

bla+ k) < a(b+ Ag)
ab + b < ab+ aXi
b\ < adg

Since A\ > 0, we divide by Ar to get b < a, which holds by assumption. O

6.3 Conclusion

Since kreg < Kstd, the convergence factor satisfies

Rreg — 1 Kstd — 1
Rreg +1 Kstd + 1

(14)

This inequality theoretically confirms the empirical results in Fig. proving
that the Condition-Aware FNO operates on a better-conditioned optimization
landscape. The regularization Ay effectively ”spheres” the loss geometry, re-
moving the narrow valleys in ill-conditioned high-frequency modes and enabling
faster convergence.
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